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I. INTRODUCTION 

The search for symmetries is an important problem in 
all fields of physics. In both classical and quantum me- 
y-y • chanics, the knowledge of symmetries of a given system 
can help significantly in finding a solution of its equa- 
t-H . tions of motion, in reducing the number of parameters, 
or identifying the integrals of motion. 

In this paper, we aim to find the symmetries of the 
O ; time evolution equation of a broad class of discrete time 
1 1 , , quantum walks. We note that this important question 
has been addressed partly by other authors. Symmetries 
of particular quantum walk scenarios have been classi- 
fied, e.g., in [1]. A special class of symmetries of dis- 
crete time quantum walks on Cayley graphs has been 
studied in [2] in relation to global analytic properties of 
the quantum walks. Symmetries have played an essential 
role in an approximate analytic solution of time evolution 
in the Shenvi-Kempe-Whaley algorithm [3] for quantum 
database searching. Another use of symmetries has been 
presented in a recent experimental realization of a quan- 
tum walk on a line [4] when a reduced set of parameters 
have been shown to cover all possible configurations of 
the model. However, no general study focused on the 
symmetries themselves has been presented so far. 

The article is structured as follows. In Section II, we 
define the class of discrete time quantum walk to be 
studied in more detail. In Section III, we use a gen- 
eral method to find all symmetries of the time evolution 
equation which preserve measurement probabilities. In 
Section IV, we extend the result by generalizing the no- 
tion of symmetries of the system to allow automorphisms 
of the underlying graph. In Section V, we conclude and 
discuss our results. 



II. QUANTUM WALKS ON CAYLEY GRAPHS 

In the scope of this paper, we will restrict our study to 
discrete time quantum walks on Cayley graphs, with the 
quantum coin reflecting the graph structure. This class of 



graphs, however, covers all the most important cases used 
in algorithmic applications of quantum walks — lattices 
both with and without periodic boundary conditions [5] , 
hypercube graphs [3], among many others. 

In general, Cayley graphs are defined as follows: 

Definition 1. Let G be a discrete group finitely gen- 
erated by a set S. The (uncolored) Cayley graph T = 
r(G, S) is a directed graph (G, E), where the set of ver- 
tices is identified with the set of elements of G and the 
set of edges is 

E = {{g,gs) \geG,seS}. 

A discrete quantum walk on a given Cayley graph is 
defined as the time evolution of a particle confined to 
the vertices of the graph, and allowed to move along its 
edges, one per a discrete time step. Thus, the Hilbert 
space corresponding to the spatial degree of freedom of 
the particle is the space of l 2 functions defined on G, 
or equivalently, the space spanned by orthonormal basis 
states corresponding to the elements of G: 



\G) = Spanc{ |ar) | x e G}. 



(la) 



Besides the spatial degree of freedom, we will require 
the particle undergoing the walk (the walker) to have an 
internal degree of freedom whose dimension equals the 
cardinality of S. 



He = f 2 (S) = Span c { |c) | c € S}. 



(lb) 



This is in a direct analogy to [6] where quantum walks on 
general regular graphs have been introduced. The need 
for the presence of an internal degree of freedom has been 
shown to be crucial for quantum walks on Euclidean lat- 
tices [7] in order to reach nontrivial unitary time evolu- 
tions. A generalization of this "No-Go Lemma" to all 
Cayley graphs has been negated in [8]. In the scope of 
this article, however, we will keep the assumption about 
the internal degree of freedom as stated above. 

Definition 2. The Hilbert spaces defined in Eqs. (la) 
and (lb) are called position and coin Hilbert spaces, re- 
spectively. The full state space of the system is then 



'Electronic address: vaclav.potocekOfjfi.cvut.cz 



H = Hs®H c = Span c { \x, c) \ x e G, c G S}, 
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where \x,c) = \x) s ® \c) c - We will refer to the systems 
{ \x) | x G G}, { |c) | c G 5"}, and { \x, c) \ x G G, c e 5}, 
as to geometrical bases of "Hs, "He and "H, respectively. 

In the following, the symbols G, S, F, Hs, He and H 
will always denote the objects introduced in Definitions 
1 and 2. Moreover, a tensor product of two vectors or 
operators will be always understood to follow the factor- 
ization of H into Hs and He- 

This factorization of the state space plays a key role 
in the idea of a quantum walk. The general assumption 
is that operations which keep the position of the walker 
intact are generally available, whereas the position regis- 
ter can only be affected via controlled transitions of the 
walker on the underlying graph T. We will formalize the 
former in the following definition: 

Definition 3. Let A G GL(H). We will call A a local 
operation if and only if there is a map uja '■ G — > GL(Hc) 
such that A allows the following decomposition: 

A=J2\x)(x\<E)u A (x). (2) 

MEG 

It trivially follows that for each local operation A, 
the decomposition by Eq. (2) is unique. Moreover, if 
A E U(H), then all the components uja(x) are elements 
of U(Hc), and vice versa. For a local operation A, we 
will use notation A x = uja (x) for the components in this 
decomposition. 

We note that the set of local operations depends not 
only on the separation of H to a tensor product of Hs 
and He but also on the choice of the basis in Hs- In 
any case, however, the local operations form a subgroup 
oiGL{H). 

It is important to distinguish local operations on H 
from operations acting only on He, that is, operators of 
the form B = Id ® B' . The latter form a subgroup of 
the group of local operations: indeed, any such B is local 
with B x = B' for all x G G. 

Out of the other class of operations, altering the posi- 
tion of the walker, one representative is sufficient: 

Definition 4. The step operator T is a controlled shift 
operator on Hs conditioned by the coin register, as pre- 
scribed by its action on the basis states \x,c), 

T\x,c) = \xc,c). (3) 

Clearly, T is defined by Eq. (3) on the whole of H 
via linearity and is a bounded operator. As the tensor 
product basis states, specified by Definition 2, are solely 
permuted under T, it is obvious that T is an unitary op- 
erator on H and can thus form a time evolution operator 
in a discrete time quantum system. [10] 

Before defining a quantum walk, we need one last sup- 
porting definition: 

Definition 5. Let C = {C n )n=o 1S an infinite sequence of 
local unitary operations on H. We call C a quantum coin. 



If the sequence is constant, we call the quantum coin C 
time-homogeneous. If every term G„ of the sequence is a 
tensor product Id®C' n , we call the quantum coin C space- 
homogeneous. In general, however, a quantum coin may 
be both time- and position-dependent. 

We call a generic C a time- and position-dependent 
coin since, in accordance with Definition 3, we can find 
unitary operators G„ iX € U(Hc) for each time n e No 
and position x € G which alter the coin register in de- 
pendence on both the current time and the state of the 
position register, provided that the latter is well-defined. 

The set of all quantum coins forms a group under 
element-wise composition. 

The coin and step operators lead us to the definition 
of a discrete time quantum walk on a Cayley graph T. 

Definition 6. Let T is a Cayley graph, let C = (G n )+f£ 
is a quantum coin on its corresponding Hilbert space H. 
A discrete-time quantum walk on V with the coin C is a 
quantum protocol described by the following: an initial 
state |V>o) S H and the evolution operator 

W c : No -> U(H) : W c (n) = TG„_iTG„_ 2 . . . TG . 

(4a) 

For n E No, we say that the state of the walker after n 
steps is 

IVn) = ^c(n)IVo). (4b) 

III. SYMMETRIES PRESERVING 
MEASUREMENT PROBABILITIES 

Symmetry of a system is an invariance of the system 
under some kind of transformation acting on its param- 
eters and/or the initial state. Invariance does not neces- 
sarily mean that the time evolution is exactly the same, 
some variations may take place in the internal state as 
long as they do not influence the observable properties 
of the system, that is, the measurement probabilities of 
the spatial degree of freedom. Of all such transforma- 
tions, we will be interested only in those which respect 
the unitary nature of quantum mechanics. Formally, we 
can state the requirement as follows: 

Definition 7. Let T be an endomorphism on the Carte- 
sian product of the set of quantum coins and initial states 
of a quantum walk on T. Wc call T a unitary quantum 
walk symmetry on V if there is a sequence of local uni- 
tary operators (U n )n=o such that for each quantum coin 
C = {C n )n=o an d for each initial state IV'o), 

Vn e No : W e {n)\$o) - U n W c (n)\^ ) , (5) 

where C — (C n )+= and |^o) denote the image of C and 
| Vo) under T. 

The above definition is motivated by the fact that local 
unitary operations preserve measurement probabilities in 
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the geometrical basis oiHs, 

^|(X, C |^)| 2 =: ||<^)|| 2 HIWoca#>|| 2 . 

ces 

Lemma 1. Let, in the notation of Definition 7, 
(C,\i/jo)) = T(C,\ipo))- Then the condition of Eq. (5) 
is satisfied if and only if 

\$o) = Wo), (6a) 

Vn G No : TC n = U n+1 TC n Ul (6b) 

Proof. The first part is readily obtained by studying the 
special case of Eq. (5) where n = 0. Inserting Eq. (6a) 
back into Eq. (5), we get 

VneN : W 6 (n)U a \^ ) = U n W c (n)\^ ) (7) 

The generality of Eq. (7) with respect to \ip ) implies 
an equivalence of the operators, 

Wc(n)U = U n W c (n). 

Substituting n + I for n, we get another identity, 

Wc(n + 1)U = U n+1 W c (n + 1). 

Comparing with 

W e (n + 1) = TC n W e (n), 
W c (n + l)=TC n W c (n), 

we obtain the relation 

TC n U n W e (n) = U n+1 TC n W c (n). 

Due to the unitarity of the time evolution operators and 
U n , this is equivalent to Eq. (6b). □ 

Lemma 2. Let T be a unitary quantum walk symme- 
try imposing a local unitary transform (U n )^^ on the 
instantaneous state of a quantum walk, as given by Defi- 
nition 7. Then U n>x is diagonal in the geometrical basis 
of He for each n £ i fi.e. n > 1) and all x e G, that 
is, there are complex units m„ :I C for each n g N, x € G, 
and c € S such that 

U n = ^2 S u n,x,c\x, c)(x, c| (8) 
xeG ces 

Proof. Starting from Eq. (6b), we can rearrange the 
terms so that U n+ \ is isolated: 

U n+1 = TC n U n ClTl 

Let x € G and c, d e S. We can compare the correspond- 
ing matrix elements on both sides: 

(x,c\U n+1 \x,d) = (x,c\TC n U n ClT^\x,d). 



From Definition 4 and the subsequent comment, we can 
derive that 

T^\x,d) = \xd~ 1 ,d) (9a) 

and similarly 

(x,c\T= (T t |a;,c)) t = (x C -\c\. (9b) 

Noting that all the other operators are local, we can fac- 
tor out the position register to get 

(x\x)(c\U n+1 , x \d) = 

= (xc- 1 Ixd-^iclC^-iU^d-iCl^ \d) 

If c 7^ d, the right hand side is zero due to its leftmost 
term. Since (x\x) = 1, we obtain the implication 

c^d ^ (c\U n+ i. x \d) = 0, 

meaning that U n +\,x is diagonal in the geometrical basis 
of U c for all n e N . 

The second part of the Lemma is a trivial application 
of the corresponding definitions. □ 

Theorem 1. Let T be a unitary symmetry of a quantum 
walk on V. Then there is a unique local unitary operation 
Uq on % and a unique sequence of local unitary operations 
[U n )n=i diagonal in the geometrical basis ofH such that 
for each quantum coin C and each initial state \ipo), the 
transformed values read \ipo) = Uo\ipo) and 

Vn e No : C n = ]T (|a:)<a:| ® {V n , x C n , x U^ >x )) , 
xea 

(10a) 

where V n . x G U(Hc) is related to U n +i by 

V n , x = y^u n+ltXCtC \c)(c\, (10b) 
ces 

using the notation of Eq. (8). Conversely, given any 
Uo and {U n )~^[ satisfying the aforementioned condi- 
tions, there is a unique symmetry T yielding these values. 
Therefore, the symmetry group of Eq. (4) is U{Hc) G x 
[7(l) GxNxS . 

Proof. The proof follows from Eq. (6b) and its equivalent 
form, 

C n = T^U n+1 TC n Ul 

Comparing the matrix elements, we obtain 

(x,c\C n \x,d) = (x,c\T^U n+1 TC n Ul\x,d) 

Using Eq. (3) and the locality of the U and C operations, 
we find that 

(c\C n \d) = (xc,c\U n+1 T(\x) ® C n , x U\ >x |d» . 
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Using Lemma 2 and Eq. (9a), 

(xc,c\U n+1 T = (t^uI +1 \xc,c))* = 

= (u n+l . xc . c T 1 '\xc,c)y =< + i ;XC;C (z,c|, 

whence it follows that 

(c\C n \d) = u* n+liXCiC (x\x)(c\C n , x Ul x \d) = 
= (c\V n , x C n , x Ul x \d), 

as stated by the theorem. 

Conversely, given the unitary operations Uq and 
(U n )n=i' Eq. (6b) describes a way to construct a sym- 
metry operation T. □ 

According to Theorem 1, the sequence (U n )+= pro- 
vides a full classification of all the unitary quantum walk 
symmetries. If there is no restriction on the homogeneity 
of the quantum coins C and C or the initial state, the 
choice of U n is free, up to the restriction of Lemma 2. 
More interesting cases arise when the coin has some 
global property that is required to be preserved under 
the symmetry. 

Before stating the main theorem regarding homoge- 
neous quantum coins, we introduce a means of classifying 
various walking spaces. 

Definition 8. Let G is a discrete group generated by a 
subset S, let S^ 1 denote the set of inverses of all elements 
of S. The causal subgroup of G with respect to S is 
defined as 

= ^ (J S n S~ n y (lla) 

nez 

The future causal subgroup of G with respect to S is 
defined as 

s + } = ( U s ns ~ n )- ( llb ) 

n=l 

A Cayley graph L = L(G, S) is called nonseparating if 
S<_ 0) = S<°>. 

In other words, the causal subgroup contains all 
the elements of G which can be written as a product of 
generators and their inverses in such a way that the ex- 
ponents add up to zero. The causal subgroup has several 
important properties, as shown in the following Theorem. 

Theorem 2. The causal group is a normal subgroup 
ofG. Moreover, G/S^ is a cyclic group generated by the 
coset of any element in S. 

Proof. Let c G S, let s G S n S- n for some n G Z. Then it 
is simple to show that both esc -1 and c~ 1 sc are elements 
of S (a \ Indeed, let n > 0. Then esc' 1 G SS n S- n S- 1 = 
S n+i s -(n+i) c S (0)_ Similarly, c^sc G S^S'^^S = 
(5- 1 S' 1 )(5"- 1 5-("- 1 ))(5 1 5- 1 ) c The case n < 
is analogous, n — is trivial. 



Using elementary algebra, this result can be general- 
ized to any c G G and s G S^ \ which is one of the 
conditions equivalent to being normal in G. 

For the second part, let Co be an arbitrary fixed element 
of S. We first show that the coset cS equals cqS for any 
c G S. Indeed, 

cS = (c Cq 1 )cS = c (cq 1 c) S = cqS. 

es 

Analogously, c~ 1 S = c ~ 1 S. 

Let now g be an arbitrary element of G. We can de- 
compose g into 

y — c i c 2 ■ ■ ■ c k ' 

where c, e S and ej G Z for all 1 < i < k. Using the 
above result, the coset gS is equal to 

gS = Cq 1 ^ 2 . . .c fc S* = c 1+f - 2+ - +£k S = (c S*) ei+e2+ - +efc . 

This completes the proof. □ 

Remark. The future causal subgroup generally 
does not share these properties. As they are extremely 
helpful for the theorems to follow, we will restrict the 
analysis below to quantum walks on nonseparating Cay- 
ley graphs, where there is no difference between and 

We note without proof that a sufficient condition for 
the equality — is that for each c,deS, c~ x d is 

an element of . This is satisfied automatically in, but 
not restricted to, all abelian groups. On the other hand, 
an example that this property is not universal is pro- 
vided by the free group on 2 or more generators. In such 
cases, the quantum walk splits the initial excitation into 
a potentially unlimited number of mutually independent 
branches which never can interfere again. 

In the following, we denote [G : S^} = x(G,5). This 
characteristic plays its role in an important corollary of 
Theorem 2: 

Corollary 1. Let c be a fixed element of S. For each 
x G G, there is x G and k G Z such that x — xc\. 
This decomposition is unique if and only if [G : 
is infinite, otherwise k is determined up to an integer 
multiple ofx(G,S). 

Let T be a unitary quantum walk symmetry, as de- 
fined in Definition 7. From Theorem 3, we know that the 
quantum coin and the initial state are transformed inde- 
pendently. The following theorem studies two important 
cases where the transformation of the coin is restricted. 

Let C denote a quantum coin and C its image under T ■ 
We say that T preserves time or space homogeneity of 
the quantum coin if the respective property of C implies 
that the same property is held for C. 
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Theorem 3. Let T be a unitary symmetry of a quantum 
walk on a nonseparating Cayley graph, let {U n )^= be the 
transformation induced in the instantaneous state of the 
quantum walk. 

• T preserves space homogeneity of the quantum coin 
if and only if the unitary operators U n>x , forming 
the decomposition of U n , are of the form 



U n ,xc<* n = f]n-kP{x)U' n , Vn e N , 



(12a) 



where (rj m ) me z is an arbitrary doubly infinite se- 
quence of complex units, periodic with the pe- 
riod x{G 1 S) if the latter is finite, p(s) is a one- 
dimensional unitary representation of and 
the operators U' n act on He only. The group 
of symmetries preserving space homogeneity is 
(C/(l)x(G,s) /f/(1)) x Rep (s(°))x [/(l) Nx s x U{H C ), 

where Rep(S^) is the group of one- dimensional 
unitary representations of with pointwise mul- 
tiplication. 

T preserves time homogeneity of the quantum coin 
if and only if the unitary operations U n . x are re- 
stricted by 



r] n - k e n U x , Vn e No, 



(12b) 



where r\ m is defined the same way as above, e is 
an arbitrary complex unit and U x are the com- 
ponents of a unitary operation U G U {%) diag- 
onal in the geometrical basis of H. If x(G, S) 
is infinite, we can take e fixed at 1. The 
group of symmetries preserving time homogeneity 
is (U(l)^ G ^/U(l))xU(l)xU(l) GxS if X (G,S) < 
+oo and (U(l)^ G - s yU(l)) x U(l) GxS otherwise. 



Proof. In both cases, we start from Eq. (10). Let x e G 
and c,d e S. Comparing matrix elements on both sides, 
we obtain 

(x,c\C n \x,d) = (c\C niX \d) = (c\Vn, x C n ,xUl Jd) . 

Using the result of Lemma 2, the right hand side can be 
simplified substantially: 



(c\C n>x \d) 



Un.x.d 



(c\C n)X \d). 



(13) 



Let e be another element of S. We compare the last 
equation with another matrix element equation, 



(c\C ntX \e) = n ' xc ' c (c\C n , x \e) . 



As these formulas hold for any quantum coin C, we select 
one for which all the matrix elements of C„ iX are nonzero 
for all n € N and x € G. We can then divide the above 
two equations to get 



(e\C ntX \c) (d\C n , x \c) 
u n , x , d (e\C n>x \c) {d\C ntX \c}' 



(14) 



Part A. In the case of a space-homogeneous coin, the 
right hand side of Eq. (14) is constant in x. This allows 
us to factorize «„ il]C into 

^n,x.c — ^n,x^n,c- 

Without loss of generality, we will require both the fac- 
tors to have a modulus of 1. Similarly, we find from 
Eq. (13) that the ratio v n +i tXC /v niX does not depend on 
x, that is, for each y e G, 

Vn+l,yc v n+l,xc v n+l,yc v n,y (15) 

Let k G N, let ci, . . . , Cfe, di, . . . , dk € S. By repeated use 
of Eq. (15), we find that 



:,X Vn+l,x C1 
V 

n+k — l,yci c 2 - . 


V n +k,XC 1 C 2 ...C k 

.-1 

c fc d l _ _ 


V 

n-\-k — 1 , xci C2 ■ - 

v 

n,yc 1 c 2 -.-c k d 1 


a k d l 
k 


V 


■■■ d k 



Hence for all n e N, x, y e G and s e } = S (0 \ 



u n,ys 



(16) 



Let s, s' € . By putting x — e — the identity ele- 
ment of G — and y = s' , we obtain from Eq. (16) 



The last equation implies that v n ^ s /v n ^ e for fixed n e N 
is a homomorphism from to U(l) and thus a one- 
dimensional unitary representation of S^°\ Let us call 
this representation p n . 

Let now 2 be a general element of G. By Corollary 1, 
taking any fixed c € S, we can find k <G Z and x e 
such that x = xCq. We then find u„ iX to equal 

v n,x = «„,£ C g = a n , k p n (x). 

Inserting this form into Eq. (15), we find that the expres- 
sion 

es<°> 



Vn+l.xc _ v n+l,xc*c _ a n +l,k+lPn+l{x CqCCq (fc+1) ) 
V n,x V nxc k a n ,kPn(x) 

is independent of x, that is, of both x, and k. This im- 
plies that p n is constant in n, so that we can call it p. 
Moreover, 



I k -0+!)\ 



Ctni 



must be constant in k. 
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By choosing c = Co, the last equation becomes 
a n+i.k+i/ a n,k = /?n: whence we obtain 

a n ,k = PoPl ■ ■ ■ Pn-l&Q,n-k = In&n-k- 

If x(G, S) is a finite number, the decomposition of 
Corollary 1 is not unique. The value of x(G, S) is then 
equal to the least positive power I for which c e S^°\ 
Let xo = c^ G ' S \ The equality 

- k _ ~~ k- x (G,S) 

XCq — XXqCq 

then imposes a condition on the choice of a n ,k and sub- 
sequently a m : 

a n ,kP(x) = u n ,k- x (G,s)P{5:)p{xo) 
=> ^7i,k+ x (G,s) = a n ,kp{xo) 
=> oi m - x {G,s) = a m p(x ). 

In this case, the freedom in choosing a is restricted to 
x(G, S) independent complex units. If x(G, S) is infinite, 
all elements of the doubly infinite sequence can be chosen 
freely. 

Putting together all the above elements, we find that 
the complete solution of Eq. (14) with the right hand side 
independent of x can be written as 

«n,i,c = J n a n -kP(x)5 ntC (17) 

for x = xcq, where 

• 7„ and 8 n c are any complex units for all n <G N and 

c G S, 

• a m is a sequence of x(G, S) independent complex 
units, 

• p is a one-dimensional unitary representation of 

Clearly, the sequence 7„ can be absorbed into 5 n , c - Be- 
sides that, only one degree of freedom is counted twice — a 
global phase factor, which can come from both a and S. 

At this point, we emphasize that the parameter n so 
far has been greater than or equal to 1; Lemma 2 puts no 
restriction on the form of Uo except that it is local. Thus 
the case n = must be studied separately. According 
to Lemma 1, the transformation of the quantum coin 
element Co reads 

Co = T^TCoUl 

Expressing Uo, we obtain 

U = ClT^TCo. (18) 

Comparing the corresponding matrix elements on both 
sides and expanding the matrix product on the right hand 
side while using the locality property of the C and U 
matrices gives 

(c\U , x \d) = { c \Co\a)ui, xa ,a{a\C \ct). 
aes 



This relates the components of Uo to those of U± , which 
are described by Eq. (17). Inserting the final form, we 
can see that 

(c\U . x \d) = Y,aes {c\Cl\a)ai- k p(x)5i^ a {a\Co\d) = 
= OLx- k p{x)f(c, d), 

where x = xcq and / represents the matrix elements of 
some unitary matrix (any matrix can be reached with 
a suitable choice of Co). Therefore, the components of 
Uo are complex unit multiples of one constant unitary 
operator on He, where the dependence on x follows the 
same rule as in the case of any other U n , n> 1. 

We conclude that the symmetry group under the afore- 
mentioned conditions is isomorphic to 

(U(l) x(G - s) /U(l)) x Rep(S (0) ) x U{lf xS x U(Uc), 

as stated by the theorem. 

Part B. If C and C arc simultaneously time- 
homogeneous, the right hand side of Eq. (14) is constant 
in n, which leads to a factorization 

^n,x,c — ^n,x3x,ci 

where we again assume both terms to be complex units. 
Eq. (13) then gives for w n . x that the ratio w n +i. xc /w n . x 
does not depend on n and thus for each x e G and to, n <E 

No, 

— , — . 

In a complete analogy to the above, we obtain for each 
x 6 G, n G No, and s £ S+, 

'— = . (19b) 

W m ,x ^n,x 

This means that for each m and n in No and each right 
coset xS^ , the ratio between w m . y and w n/y is a constant 
complex unit for all y G xS^ , so that we can factorize 

w n .x = a(n,xS^)q x . (20) 

Once more, we will require both factors to be unitary. If, 
by assumption, = S^°\ the cosets are identified by 
the power of one generator of S — c — as CqS^°\ where 
k G Z, so that we obtain 

w„ <x = w nS:c k = a nM q x . 

We note that if x(G, S) is finite, then a n .fe+ x (G.s) must 
be equal to a n< k to retain consistency. Inserting this form 
into Eq. (19a), we find that the ratio 

Qn+l.fc+lffzc 

should not depend on n. This is equivalent to the con- 
dition that a n +i,k+i/(Xn,k depends on k only. Denoting 
this ratio f3k, we find that 

«ni = /?fe-lQ!n-l,fe-l = 0k-lftk-2Oln-2,k-2 = 
= ■ ■ ■ = Pk-lPk-2 ■ ■ ■ A-n"0i-n 
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Denoting 



lK= \Y\k=oPk for^>0, 
1 rifc=fi P-l otherwise, 



we can write 



Ik 



1k- 



-Ot h-n- 



Unlike ao.fc, 7fc is not constant on the modular class mod 
X(G, S) for X (G, S) < +00. Instead, 



X(G,S)-1 



7m+ X (G,S) = [J. /?fe7m =: ^"^m 



In the case of infinite x, let e = 1. This allows us to write 
the solution uniformly as 



a n ,k = e Vn-klk, 



e n r]n-k7kS x ,, 



(21) 



where x = xcq and 

• 5 XjC are arbitrary complex units for all x £ G, c £ 5, 

• 7 m and ?7 m are arbitrary sequences of x(G, S) com- 
plex units, 

• e is an arbitrary complex unit in the case of finite 
x(G, S) and 1 otherwise. 

Again, as the term of 7& depends only on x, it can be 
immersed into 8 X ^ C . Also, a global phase factor can be 
factored out of r\ m and put into S x _ c . 

As opposed to the previous case, it's simple to deter- 
mine the zeroth element U$: starting from Eq. (18), we 
note that for time-homogeneous coins, there is a local 
unitary C such that C n — C for all n e No. Similarly, 
C n = C for all n £ N . Thus, 

U = C^T^UxTC. 

We can compare this equation with its equivalent for n — 
1, 

C/i = &T^U 2 TC. 

Noting that by Eq. (21), U 2>£c k = e^U^-i, we ob- 
tain 

^O.xc* = e_lf7 l,sc* +1 > 

so that the operator Uo is also diagonal in the geometrical 
basis of H and its matrix elements are given simply by 
extending the validity of Eq. (21) to the case n = 0. 

We conclude the proof by establishing the group of 
time-homogeneity preserving symmetries. Taking into 
account Eq. (21) and the following notes, each symmetry 
is determined by specifying S X Cl r] m (up to a global phase) 
and possibly e. As all of these parameters are just tuples 
of complex units, this immediately gives the group in the 
form stated by the theorem. □ 



In the case of a both space- and time-homogeneous 
coin, we can easily combine the partial results given by 
Theorem 3 as follows. 

Corollary 2. Let T be nonseparating, let T be a unitary 
quantum walk symmetry described by a sequence of uni- 
tary operators {U n )n=o- Then T preserves both time and 
space homogeneity of the quantum coin if and only if the 
components of U n are of the form 



U n . X = f]n-k£ n '-f(x)U' 



(22) 



for all n G No, where rj m is defined the same way as in 
Theorem 3, e is a complex unit, fixed at 1 in the case 
where x(r) is infinite, 7 is a one- dimensional unitary 
representation of G, and U' € U(Hc) * s a unitary opera- 
tion diagonal in the geometrical basis of He- The group 
of symmetries with this restriction is 

(U(1) X(G - S) /U{1)) x 17(1) x Rep{S (0) ) x U(l) s 



if X (T) <+oo 

(U(1) X(G - S) /U{1)) x Rep{S (0) ) x U(l) s 
otherwise. 

Example. In this example, we apply the above theory 
to a quantum walk on a line, where G is the additive 
group of integers, Z, generated by S = { — 1, 1}, with a 
homogeneous coin. Even in this simplest case the above 
theory produces useful results. Let T denote the Cay ley 
graph T(Z,S). 

A general quantum coin with this property is given by 
C = (Id <x> C)^*q, where C, expressed in the geometrical 
basis of He, is a general unitary matrix of rank 2, 



C = LO 



[i 
/1* 



cos ip sin ib 
■ sin ib cos ip 



v 

v* 



(23) 



Here uj,fi,vE C, V € K, \us\ = = \v\ = 1. 

The causal subgroup is equal to 2Z, because any prod- 
uct of an odd number of generators is an even number, 
and 2 can be written as c + (-d) £ S + (-S) C 5" (0) if 
c = 1, d = —1. The condition of T being nonseparating is 
a trivial property of any abelian walking space. We note 
that x{G, S) — 2 and the elements of G : correspond 
to the subsets of even and odd integers. Indeed, walks 
started in either of these subsets never interfere. 

A general form of a unitary representation of 2Z on C 

is 

7(0:) = e 1 ^, <j> £ R. 

According to Corollary 2, the symmetries of the above 
system are classified by five continuous parameters: 
ffodd/ffeven, e, <fi, The transformed coin reads 



C 



\ (6 +1 
e-*+ J \0 <5_i 
cos ip sin ib \ (v 
— sin ip cosib) I v* 



li 
n 
6* +1 
<5 



(24a) 
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and the transformed initial state is 
Wo) = 5>(*mod2)e** ° s ) \x)(x\ip ). (24b) 

Based on these formulas, some of the parameters assume 
a straightforward mathematical meaning: 

• e is related to the invariance of the system with 
respect to multiplying C by a scalar. This is a 
phase that the system accumulates per every step 
of the quantum walk. 

• A common prefactor of 5± is related to the freedom 
of global phase of the initial state. 

The global phase can be completely moved from S± into 
i]£ by introducing a constraint 5-\ — and making 
r^even and 77odd two independent parameters. 

In general, any continuous symmetry can be used to 
reduce the number of parameters determining nonequiva- 
lent instances of a given physical system. In our example, 
by choosing appropriate values of e, <fi, and 5±i, we can 
find a quantum walk equivalent with Wc in which the 
coin is simplified to 

C=( C0S <fsinVA (25) 
sin ip cos ip J v ' 

and thus determined by a single parameter. The rest of 
the information about the particular quantum walk can 
be encoded into the initial state. 

Besides this result, Eq. (25) has one nontrivial con- 
sequence: the transformed coin is a real-valued matrix 
and so is the infinite matrix of the step operator in the 
geometrical basis of H. Therefore, an initial state with 
real coefficients in the geometrical basis will stay real- 
valued during the whole time evolution and an analogi- 
cal result holds for a pure imaginary- valued initial vec- 
tor. As a consequence, the real and imaginary parts of 
the transformed initial state define two quantum walks 
which never interfere, although visiting the same set of 
vertices. The contributions to measurement probabilities 
can be computed separately in the field of real numbers 
and classically summed. 

Moreover, if the initial state of the walker is localized 
at a vertex x , i.e., of the form 

\ipo) = \xo) ® |Xo), 

then this property is kept under the transformation 
Eq. (24b). If we also neglect the global phase, which can 
be done using 77^ with no effect on the coin, the initial 
state is completely determined by two parameters (the 
spherical angles on the Bloch sphere). Thus any quan- 
tum walk on a line with position- and time-independent 
coin starting from a state localized at a given position is 
completely determined by a total of three degrees of free- 
dom. This particular result has been exploited in a recent 
experimental realization [4] where there was only one ad- 
justable parameter of the quantum coin, corresponding 



precisely to ip in this example, and a full control of the 
initial chirality \o (up to a global phase) using two ad- 
justable optical elements. 

IV. SYMMETRIES INVOLVING 
PERMUTATION OF THE MEASUREMENT 
PROBABILITIES 

In order to extend the applicability of the theory, we 
generalize the notion of quantum walk symmetries. Ac- 
cording to Definition 7, the probability distribution of 
a complete measurement of the position register was re- 
quired to stay invariant under a symmetry transforma- 
tion. We obtain a broader class of solutions if we allow 
transformations which do affect the probability distri- 
bution, but in such a way that the original distribution 
is easily reconstructible — more precisely, such that the 
probabilities merely undergo some fixed permutation. In 
order to respect the underlying group structure of the 
Cayley graph, we assume that the permutation is given 
by an automorphism on G and an optional multiplica- 
tion by a fixed element of G, and define a wider class of 
symmetries which impose this kind of transformation on 
the measurement probability. 

Definition 9. Let <f> be an automorphism of G such that 
(p(S) = S, let g e G. We call the map g<p : G -» G : x t-> 
g ■ 4>{x) a shifted S-preserving automorphism on G. Wc 
associate three operators with g<p: a spatial permutation 
operator P^' on Hs, defined by its action on geometrical 
basis states 

P { g f\x) = \g<p{x)) (26a) 

(C) 

for all x € G; a coin permutation operator P^' on He, 
defined by 

P% ) \c) = \<Kc)) (26b) 
for all c <G S; and a total permutation operator 

P a * = P$®P$ (26c) 

on H. 

Note that the automorphism part <p of a shifted S- 
preserving automorphism g<f>, needed in the definition of 
Pg$ \ can be extracted using 

<P(c) = (gcPie))- 1 ( 5 0(c)). 

Definition 10. Let T be an endomorphism on the 
Cartesian product of the set of quantum coins and ini- 
tial states of a quantum walk on V. We call T a gen- 
eralized unitary quantum walk symmetry on T if there 
is a sequence of local unitary operators (U n )n=o and a 
shifted automorphism gep such that for each quantum 
coin C — (C n )n=o an d for each initial state \tpo), 

VneN : W c -(n)|^ ) = P a <t>U n W e {n)\ip ), (27) 
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It follows directly from the definition that Q = G'A' 
and that G'OA' = {e}. In order to show that the product 
is scmidirect, we show that G' is a normal subgroup of Q. 
Let hid G G', let g<fi be an arbitrary element of Q. Using 
Eq. (28a) and Eq. (28b), we simplify the composition 

g<p ° hid o (gfa" 1 = g(f> o hid o fa 1 (g^ 1 )fa 1 = 
= g<j)o(h<j)' 1 (g- 1 )<j)- 1 = 

= g<t>{hfa\g- 1 )) {4>°fa 1 ) = 
= GtfW'T 1 ) id e G'. 



where C and |^o) have the same meaning as in Defini- 
tion 7 and P gf p denotes the total permutation operator 
associated with the shifted ^-preserving automorphism 

g<j>- 

The (unshifted) automorphisms to be considered have 
to preserve the generating set S in order to preserve 
the edges of the Cayley graph T(G, S). We note, how- 
ever, that the automorphism group of T(G, S) may be 
more general. [11] As shown by the following Lemma, the 
shifted S-preserving automorphisms form a subgroup of 
the automorphism group of T. 

Lemma 3. The set of all automorphisms on G which 
preserve S forms a subgroup Aut(G \ S) of Aut{G). The 
set of all shifted S-preserving automorphisms on G with 
the operation of map composition forms a group isomor- 
phic to G x Aut(G | S). 

Proof. For the first part, it suffices to show that for any 
pair fa, fa of automorphisms on G preserving S, fa 1 o fa 

preserves S. This is simple as both fa and fa act as Here, C and \ip ) denote the image of C and \ip ) under 



This proves that Q = G' x A' = G x Aut(G \ S). 



□ 



Lemma 4. In the notation of Definition 10, the condi- 
tion of Eq. (27) is satisfied for each C and each \ipo) if 
and only if 



\i>o) = Pg4>Uo\tpo), 

Vn e No : TC n = P g ^U n+1 TC n UlP^. 



(29) 



permutations when restricted to S. 

To show that the shifted S-preserving automorphisms 
constitute a group, we have to prove that the four group 
axioms are satisfied. 

Closure. Let fa, fa G Aut(G \ S) and gi,g 2 G G. The 
composition of gifa and 52^2 is a map G — >• G prescribed 

by 

(gifa°g2fa)(x) = g\fa{gifa (x)) = g 1 fa(g 2 )-(faofa)(x). 

(28a) 

Noting that 51^(52) € G and that fa o fa g Aut(G \ S), 
the composed map is by definition a shifted ^-preserving 
automorphism. 

Associativity. Associativity is granted by the operation 
of composition. 

Identity. The identity clement is the shifted S- 
preserving automorphism eld, where e is the identity cle- 
ment in G. Indeed, this is the identity map on G and thus 
the neutral element with respect to map composition. 

Inverse. Let 4> G Aut(G \ S), let g G G. Then the 
inverse element of the shifted 5-preserving automorphism 
g4> with respect to composition is a map G — > G defined 

by 

{gfa-\x) = fa 1 (g- l x) = fa 1 (g- 1 ) ■ fa\x) (28b) 

This is a shifted S-preserving automorphism as 
fa 1 (g^ 1 ) G G and fa 1 G Aut(G \ S). 

Let us denote this group Q. In order to show that 
Q = G x Aut(G I S), we first identify G with a subgroup 
G' of Q using the monomorphism 

7 : G -> Q : g i-> gld 

and similarly identify Aut(G \ S) with a subgroup A' of 
Q using the monomorphism 

a : Aut(G \ S) -S- Q : <p efa 



T. 

Proof. The proof is done in a straightforward analogy to 
the proof of Lemma 1. □ 

Lemma 5. Let (f> G Aut{G \ S), let g G G. Then the 
total permutation operator P g( j, commutes with the step 
operator T. Furthermore, let U be a local unitary op- 
eration. Then Pg^,UP g< p is a local unitary operation. If 

U is of the form Id ® V , then P^UPg^ is of the form 

Id®{P^U'P { g C) 



')■ 



Proof. To show the commutation of T and P g< p, we com- 
pare the action of both TPg^ and P gt j,T on the same basis 
state \x,c). 

TP g4l \x,c)=T\gfax),fac)) = \gfax)fac),fac)) 
P gt pT\x,c) = P g4> \xc,c) = \gfaxc),fac)) 

The equality <p(x)<p(c) — faxc) follows from the fact that 
4> is a group automorphism. 

In order to prove the second part of the Lemma, we 
first note that all the operators P g ^, P^, \ an d P g <t> are 
unitary. This can be shown promptly from the fact that 
the operators act as permutations in the corresponding 
geometrical basis systems. Thus for any unitary operator 
U, Pg^UPgcf, is also unitary. 

If U is local, we can show using Eq. (26c) 



U--=PU{Y, x e G \x)(A®U x )P g4> = 



9<P 



If we change the summation variable from x to y = 
fa 1 (g~ 1 x), such that gfay) — x, we obtain 

y&G 
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We used the fact that the composition of an automor- 
phism and left multiplication is a bijection on G. 

Using the unitarity of P f , from which it follows that 



,(S)t 



\gm) = (p$) 1 \9m) = \v) 



and 



we can simplify U to the form 

yea 

which proves that U is a local operator. 
Similarly, let U = Id®U'. Then 



Pl(Id®U')P g , 



= id®(pjg»u'pw 



r 94> u ~ ^g<P , 



□ 



As shown by the following Theorem, the search for 
generalized unitary quantum walk symmetries can be re- 
duced to the problem already solved in Section III. 

Theorem 4. Let T be an endomorphism on the Carte- 
sian product of the set of quantum coins and initial states 
of a quantum walk on T, let T(C, \ipo)) = (C, \ipo)),C = 
(Cn)t=o- Then T is a generalized unitary quantum walk 
symmetry if and only if there is a ordinary unitary quan- 
tum walk symmetry T' : (C, IV'o)) >-> (C, \ip' )),C = 
{C'n)n=0' an d a shifted S-preserving automorphism g<p 
such that 



Ho) 
Mn £ No : 



C n = Pqq 



CLPl 



(30) 



Theorem 4 solves in general the problem of symmetries 
without any assumptions about the coin. The restricted 
problems with position- and/or time-independent coins 
can also be addressed. As a direct consequence of 
Lemma 5, the restriction is transferred from the quantum 
coin C to the quantum coin C of the original problem, 
where we can use Theorem 3 or Corollary 2 to find all 
solutions. 

It also trivially follows that the symmetry group is in 
all cases simply augmented by the group of shifted S- 
preserving automorphisms. 

Proof. Let us define \tp' ) and C' n such that Eq. (30) is 
held. Then, according to Eq. (29), these objects must 
satisfy 

|V ) - Wo) (31a) 



and 



TP 



bC'nPg^ 



P g *U n+ iTC n UlPL. (31b) 



Using the commutativity of T and P g ^, Eq. (31b) be- 



comes 



TC' n = U n+l TC n Ul 



(31c) 



However, Eq. (31a) and Eq. (31c) are exactly the con- 
ditions of Lemma 1. Therefore T is a generalized uni- 
tary quantum walk symmetry if and only if the map 
(C, \ipo)) i-*- (C, \ip' )) is an ordinary unitary quantum 
walk symmetry. □ 

Example. We show an application of the generalized 
quantum walk symmetries again on a quantum walk on 
a line with a homogeneous coin. Given a coin C = (Id ® 
C)n=o ano - an initial state \ipo), we can use Theorem 4 to 
find a new homogeneous quantum coin C = (Id (g> C)^°° 
and an initial state |V>o) such that the evolution of the 
new quantum walk is a mirror image of the original one. 

Taking the ^-preserving automorphism P:i4-i = 
+ (— l)x, we construct the tuple of permutation opera- 

(i) 

tors P p easily. We note that the matrix of the coin per- 
mutation operator is the Pauli X-matrix, or the quantum 
not gate. 

In the simplest case, we can choose to only perform 
the permutation, choosing the identity transform as T' 
in Theorem 4. Doing so, not only the measurement prob- 
abilities but also the amplitudes are preserved, they only 
undergo the permutation in both position and coin ge- 
ometrical bases. In this case, the transformed coin is 
described by the matrix 

c = XCX^ = xcx 

and the transformed initial state satisfies 
(a# > = X(-x\iPo) 

for all x £ Z. 

If we use the general form of the coin as described by 
Eq. (23), after the transformation we obtain 

V* 0\ fcosip -sinVA (v* 0^ 
v [ij ysin ip cos ipj \0 v j 

We note that it is now possible, if desired, to transform 
the coin back to its original state, using the results of 
Section III only. This way, the probability distribution 
stays unchanged, i.e. mirrored with respect to the origi- 
nal quantum walk, thus we obtain a new initial state \i\>\) 
for the original coin C for which the time evolution has 
flipped sides. 

We can do so by the following transform: 



C 



C = uj 



PL* 0\ (p^V 2 

n) { (^ 2 )* 
cos ip — sin ip \ fiv 2 
sin?/; cosipj I — iv*'' 



-iv* 2 
iv* 
v* 
v 



This corresponds to choosing <5_ = 8*_ 
and e = 1 in the notation of the Example in Section III. 
The choice of r/ cvon and 7? dd is free, so we can let them 
be 1. The transformed initial state is then given by 

\4>i)^Y.(^f t^X\-x)(x\^). 



IV 
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If the initial state \ipo) is localized at x = 0, the transi- 
tion to is simply a linear transformation of the initial 
chirality, described in the geometrical basis by the matrix 

Q -{ i^) X -\iv? ) 

Having this result enables us to find initial states which 
produce a symmetric probability distribution at each it- 
eration of the quantum walk. These are simply the eigen- 
states of the matrix Q, tensor multiplied by |0) in the 
position register. The eigenvalues of Q are ±1 and the 
corresponding normalized eigenvectors are 

= 71 (±i„) 

in the coin space basis. Except for the degenerate cases 
of -0 = fc-7r, k e Z, the parameter v is defined uniquely 
up to a sign and therefore there are exactly two localized 
initial states producing a symmetric probability distribu- 
tion and these are orthonormal. 



V. CONCLUSIONS 

We used analytic and algebraic methods to study the 
symmetries of discrete time quantum walks on Cay ley 
graphs, where the quantum coin was allowed to trans- 
form along with the initial state. We constructed a gen- 
eral way of obtaining transformations which preserve the 
measurement probabilities, and our results grant that we 
obtained the complete set of such transformations in a 



uniform manner. We described the symmetry group of 
the quantum walk time evolution operator using the re- 
sults of the analysis. 

Some of the symmetries found this way correspond 
to trivial properties of any discrete time quantum sys- 
tem, but most of the symmetries are specific to quantum 
walks. Once the symmetry group is found, any contin- 
uous symmetry can be used to reduce the problem. We 
have demonstrated this fact on the quantum walk on a 
line with a constant coin, where the result was that two 
out of three physical parameters of the quantum coin 
could be dropped without loss of generality. Quantum 
walks on more complicated graphs allow even more sig- 
nificant reduction. 

An open question is how the results change if we drop 
the condition that the Cayley graph is nonseparating. An 
example where this condition is not held is a quantum 
walk on any group which contains the free group of order 
2 or higher. Counterexamples to the forms provided by 
Theorem 3 can be found for such graphs, indicating that 
a more general treatment is necessary to cover all Cayley 
graphs. 

However, the most important open question, which 
could be addressed in a subsequent work, is how the re- 
sults change if the definition of a quantum walk is gen- 
eralized such that the dimension of the coin space is dif- 
ferent from the out-degree of the Cayley graph. 
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